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In this note, for a function of an operator on a Banach space admissible in the 
analytic calculus, we characterize its relative regularity or its normal solvability in 
terms of its isolated zeros in the spectrum of the operator; in particular, a theorem 
of S. R. Caradus is covered. Moreover, an analogous result is obtained for a closed 
operator whose resolvent is non-empty and a function admissible in the 
corresponding meromorphic calculus, that is, meromorphic in some open set 
containing the extended spectrum such that its poles are not eigenvalues of the 
operator. 8 1988 Academic Press, Inc. 
Let X be a complex Banach space, Op(X) the set of all linear operators 
with domain and range in X, and C(X) the set of all closed operators in 
Op(X). For T E Op(X), D(T), N(T), and R(T) will denote the domain, null 
space, and range of T, respectively; let L(X) := ( TE C(X) ) D(T) = X}. 
An operator in C(X) with closed range is termed normally solvable. And 
TE C(X) is said to be relatively regular if R(T) and N(T) are complemen- 
ted; it is well known that TEL(X) is such an operator if and only if there 
exists SE L(X) such that TST= T. The last years have seen an intensive 
theoretical development of relatively regular operators with an increasing 
application to many fields, [ 1,6]. 
In [2] S. R. Caradus shows that if T is relatively regular on X and f is a 
complex-valued function which is analytic and univalent on a Cauchy 
domain D containing a(T) u (0) and f(0) = 0, then the operator j(T) 
defined by means of the Dunford-Taylor calculus is relatively regular. 
In this note, given TE L(X), we characterize those functions f of the 
operational calculus of T such that f(T) is relatively regular or normally 
solvable; precisely, if zl, . . . . zk are the isolated zeros of f in c(T) (only a 
finite number because a(T) is compact) with respective orders n,, . . . . nk, 
then f(T) is relatively regular (normally solvable) if and only if (zi - T)“l is 
relatively regular (normally solvable) for i = 1, . . . . k. Moreover, we show 
how this result can be extended to functions admissible in the meromorphic 
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calculus of a closed operator T with non-empty resolvent p(T), 13, 51, in 
particular, analytic functions admissible in the Taylor calculus of T or 
polynomials of T. 
Let TEL(X) and f a complex-valued function analytic on a bounded 
Cauchy domain D containing (T(T). Obviously there exist Cauchy domains 
D,, D, (0, or D, can be empty) such that D = D, v D,, D, n D, = 0, f is 
identically 0 on D, and not identically 0 on each connected component 
of D,; then a(T)=a,ua,, where G, := rr( T) n D;, i= 1, 2, are disjoint 
spectral sets of T. 
Note that the zeros off in D, are isolated with finite multiplicity, and 
there is only a finite number of them in c2 because oZ is compact, say 
z,, . . . . zk with finite orders ni > 0, i = 1, . . . . k. 
Define the following analytic functions on D, 
P(z) := (z, - zp . . . (Zk - zp; 
E(z) := 




1 if ZED, 
f(z) P(z) -I if ZED,’ 
then we can write f(z)= F(z) E(z) P(z). This decomposition has been 
considered in [4], and in [S] where the following statement is proved. 
LEMhf k. Let X be a real or complex linear space, A E Op(X), P(z) and 
Q(Z) polynomials with no common zeros, P(z) := (zl -z)“l . . . (zk - z)“~ with 
zi#zj ifi# j. Then: 
(i) N[P(A)] =N[(z, - A)“‘]@ ... @N[(z~-A)“~]. 
(ii) R[P(A)] = R[(z, -A)“‘] n ... n R[(zk - A)“‘]. 
(iii) f’(A)iNQ(A)II =NQ(A)l. 
ProoJ: See [S, (1.1) and (1.3)]. If D(A) =X, (i) and (ii) have been 
shown in [8]. 
The following proposition is necessary for the proof of our main result. 
PROPOSITION. Let X be a Banach space and S, TEL(X) satisfying 
(a) ST = TS; (b) R(ST) = R(S) n R(T); (c) N(ST) = N(S) @ N(T); 
(d) N(T) c R(S) and N(S) c R(T). Then: 
(i) R(ST) is closed if and only if R(S) and R(T) are closed. 
(ii) ST is relatively regular if and only if S and T are relatively 
regular. 
Proof: (i) If R(ST) is closed, then S(P’){ R(ST)} = R(T) + N(S) = R(T) 
is closed; and so is R(S) because ST= TS. The converse is obvious. 
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(ii) Suppose S, T relatively regular, and consider A, BE L(X) such 
that SAS = S and TBT= T. Since I- AS and TB are projections onto 
N(S) and R(T), respectively, and TB(Z- AS) = I- AS because 
N(S) c R(T), we have 
STB(AS)T= STBT- STB(I- AS)T= ST- S(I- AS)T= ST, 
and consequently ST is relatively regular. 
Conversely, suppose ST relatively regular. Since N( ST) = N(S) @ N( T) is 
complemented, also N(S) and N(T) are complemented; and by virtue of 
N(S) c R(T), N(S) is complemented in R(T), hence R(T) = N(S) 0 M. As 
S(M) = R( ST) is complemented, we can write X = M 0 S l(L), where L is 
a complement of S(M); therefore, if N is a complement of N(S) in S-‘(L), 
we have X= MO N(S) 0 N= R(T) 0 IV, which show that T is relatively 
regular. Analogously we obtain that S is relatively regular. 
Now, we shall prove our main result. 
THEOREM. Let X be a complex Banach space, TE L(X) and f a complex- 
valued function which is analytic in a bounded Cauchy domain D containing 
o(T); let zl, . . . . zk be the isolated zeros of f in o(T) and n,, . . . . nk their 
respective orders. Then the following statements are equivalent: 
(i) f(T) is relatively regular (normally solvable). 
(ii) (zi- T)“l is relatively regular (normally solvable) for i= 1, . . . . k. 
Proof: Let f(z) = F(z) E(z) P(z) be the decomposition of f as shown 
above. First, we shall see that f(T) is relatively regular if and only if P(T) 
is also. 
By virtue of the properties of functional calculus [7], E(T) is a projec- 
tion whose associated decomposition X= X, 0 X,, where X, := N[E( T)] 
and X, := R[E(T)] completely reduces T; then T= T1 @ T, with 
T,EL(X,), i=l,2, and so f(T)=f(T,)@f(T,). Since E=O on D,, we 
have f (T, ) = 0 because D r is a neighborhood of ~7, = a( T,); and E = 1 on 
D, implies f( T,) = F( T2) P( T2). Analogously P(T) = P( T,) 0 P( Tz), and 
since P(z) has no zeros in err, the operator P( T, ) is bijective; in con- 
sequence N[P(T)]=N[P(T,)]cR[E(T)] and R[P(T,)]=N[E(T)]c 
R[P(T)]. And the operator F(T) is bijective as well because F(z) has no 
zeros in a(T). Therefore we have 
N-f(T)1 = RCf(T,)l = RCP(T,)l = RCP(T)l n RCE(T)Iv 
WI(T)] =NE)ON[f(T,)l =N(E)ON[P(T,)l =N(E)ONCP(T)l. 
Now, since f(T) = F(T) E(T) P(T) and F( T)E( T) = E(T) F(T) is clearly 
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relatively regular, from the above proposition we infer that J(T) is 
relatively regular if and only if P(T) is also, and taking account of the 
lemma, from the proposition again we conclude that P(T) is relatively 
regular if and only if each of (2, - r)“: i = I, . . . . k, is also. 
In the normally solvable case we can proceed in the same form. The 
theorem is proved. 
Remarks. (1) Given a function with the hypotheses of [2, Theorem 11, 
we have the decomposition f(z) = F( ) z z with the above notation; therefore, 
our theorem covers Caradus’ theorem. On the other hand, examples men- 
tioned in [2] show that, in general, we cannot replace (zi- T)“l by zi- T 
in our result. 
(2) We are going to verify that it is possible to give an analogous 
theorem for functions admissible in the meromorphic calculus of an 
operator TE C(X) such that p(T) # 0, which covers our above result. 
Let f be a meromorphic function on a Cauchy domain D containing 
a,( 7’) such that p - T is injective for each finite pole p of f; choose 
a E p( T)\dD and take (a - T) ~ ’ E L(X). 
Since the extended spectrum oE(T) is compact in the extended complex 
plane, then f has (at most) a finite number of poles in a,(T), say p0 = co, 
pi ,..., ph with orders n,>O, ni>O, j= 1, . . . . h; let n=n,+n,+ ... +n,, 
and Q(z) := nf= ,( pj - z)~/. If cc 4 D, we take n, = 0. 
Writing G,(z) :=f(z) Q(z)(cr-z))” with the usual conventions, the 
operator f(T) of the meromorphic calculus is defined by 
f(T) := G,( T)(a - T)“Q( T) -‘; 
f(T) is a closed operator independent of a [S; (3.0)] such that [IS; 33 
Nf(T)l = RCQ(T)l n D(T”‘); MY(T)1 =NG,(T)1 
Nf(T)l =NG,(T)I nW~“). 
Obviously, excluding a and co, f(z) and G,(z) have the same zeros and 
a,(T) contains a finite number of them, say q,, . . . . qk with orders mi> 0, 
i = 1, . . . . k; let m := m, + ... + mk and P(z) := n”= ,(qi - z)~I. Note that 
G,(co)#O if n,>O. 
The function H,(z) := G,(z) P(z)--’ is analytic in D and has no zeros in 
u,(T); in consequence we have 
f(T) = ff,( T) PC T)(a - V’Q( T) - ’ 
with H,(T) bijective. As f(T) has the same null space and range as 
[P(T)(a - T)-m](a - T)“O, and the same happens with (;i - T)(a - T)-’ 
and 1- T, we conclude from the proposition that f(T) is relatively regular 
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(normally solvable) if and only if (qi- T)“l, i= 1, . . . . k and (c( - T)-“O are 
relatively regular (normally solvable). Notice that (a - T)-“O is relatively 
regular (normally solvable) if and only if .D( To) is complemented (closed) 
in X. 
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